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Abstract
Stability properties of gravitationally bound condensates composed of ultralight axionic Fuzzy
Dark Matter (FDM) are studied. Previous work has shown that astrophysical collisions could make
self-gravitating condensates structurally unstable, making them prone to collapse and decay; in
the context of FDM, we reexamine the relevant timescales using the time-dependent variational
method. We show that FDM condensates can be made unstable through gravitational interactions
with central black holes, for black hole masses in a phenomenologically relevant range. Instability
could also be stimulated by galaxy collisions. The subsequent decay takes place over a period lasting
as long as many thousands of years. We also discuss the possible relevance of FDM condensates
to understanding the composition of Ultracompact Dwarf (UCD) Galaxies. Future observation of
extremely massive black holes in the central regions of UCDs can constrain this interpretation.
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1 Introduction
Non-observation of weakly interacting massive particles (WIMPs), the most popular particle physics
candidate for dark matter, in laboratory experiments, has led many investigators to look for other viable
candidates of dark matter. It has been suggested that cold dark matter models based on WIMPs work
very well at large scales, but face difficulties describing data close to the cores of galaxies; see e.g. [1].
There is some debate about the seriousness of these supposed discrepancies [2, 3], but regardless of the
outcome of this debate, one may be sufficiently motivated at the present time to pursue alternative
models. One avenue of research has been to investigate the viability of the hypothesis that macroscopic
Bose-Einstein condensates (BECs) of spin zero bosons be the source of dark matter. Condensate dark
matter may be less susceptible to the usual phenomenological difficulties of cold particle dark matter
models at short distance scales, like the cusp-core or missing satellite problems.1
It has been established that spin zero particle excitations can form gravitationally bound dilute
condensate bubbles, which are minima of the energy landscape [5–13]. Some early work in this field,
emphasizing the cosmological evolution of scalar field perturbations, was performed by [14–18]. Recently,
there has been a revival of this idea in the literature as it applies to well-motivated models of axion like
particles [19–38]. These condensates could be formed from miniclusters in the early universe [39, 40], as
the typical relaxation time through gravitational interactions is shorter than the age of the universe [41].
If the energy scale of inflation is lower than f , the axion decay constant (or scale of symmetry breaking in
the early universe), minicluster formation may be washed out,2 in which case the dominant mechanism
for axion star formation is likely to be direct collapse. In any case, we will not concern ourselves with
the mechanism for formation in this work.
Axions typically have attractive self interactions at the leading order, and beyond a critical mass,
axionic condensates become structurally unstable [21, 22]. Recently, the present authors have investigated
the collapse of condensates made of QCD axions when their mass becomes supercritical. A preliminary
study was done using the standard low energy effective potentials for QCD axions: the instanton [29] and
chiral [30] potentials. In both cases, this nonrelativistic study indicated that such supercritical objects
collapse to attain much smaller radii, but would be stopped by short-range repulsive interactions before
reaching the Schwarzschild radius. Previous studies, including only the leading self-interactions, found
similar collapse times but interpreted the endpoint as a black hole [44].
By including relativistic effects, we further predicted [29] that a collapsing axion condensate would
rapidly emit relativistic scalar particles as it collapsed, an effect known as a Bosenova in condensed
matter literature [45]. This effect is made possible by the rapidly increasing binding energy of the axions
in the condensate during collapse, which gives rise to a very large classical decay rate [46, 47], and the
prediction of a Bosenova was subsequently confirmed by numerical studies [48–50]. This decay process
(known as classical decay, because it proceeds through tree-level diagrams) is also well-known in the
literature on oscillons, a closely related structure formed from scalar particles [51–53]
QCD axions have masses typically in the range m ∼ 10−3 − 10−6 eV, which implies decay constants
of roughly f ∼ 1010 − 1013 GeV, and the condensates they form have the typical mass and size of
an asteroid. If these axion BEC bubbles, often termed axion stars, are a component of dark matter,
then as they populate and roam around galaxies at viral velocities, they could collide with each other
and also with other stars [54, 55]. During such collisions, otherwise stable axion stars could become
supercritical and unstable, leading to collapse and subsequently decay from number changing particle
interactions. In a recent publication, the present authors have analyzed collapses of axion stars during
1This too has been called into question recently; see e.g. [4].
2Note that this conclusion may not hold if there is a period of early matter domination in the universe; see the recent
works [42, 43].
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such collisions [55]. The collision rates presented in that work applied to QCD axion stars, though it
more generally represented a novel mechanism for the destruction of otherwise stable condensates.
It is also interesting to study bubbles of axion like particles with much larger condensate sizes. A
class of such models has recently received much attention [56–67], which is an example of so-called Fuzzy
Dark Matter (FDM). Axions of this type can form condensates with sizes in the 100 parsec range, which
are identified with the central cores of galaxies. In such a model, this axion BEC is said to be floating
in a sea of virialized axion particles, based on numerical simulations which have been developed in the
last several years [68–72]. In this paper, we apply the same calculational methods used in our previous
works [29, 55] to study condensates made of axions in the typical FDM mass range of m ∼ 10−20−10−22
eV. We will review the predictions of FDM theory and simulation, and analyze the interplay between
the central FDM soliton and other astrophysical sources, such as black holes.
The idea of FDM has drawn quite a bit of attention recently, with some claiming that the favored
mass range above is in tension with observations of the Lyman-α forest [73] or the circular velocity of
stars near the cores of galaxies [74]. These analyses are based on simulations which will continue to
improve, and could determine the fate of FDM as a viable model. In the meantime, it is interesting to
continue to analyze the consequences of this class of models.
Beginning in the next section, we will review the nonrelativistic formulation employed in our previous
papers [29, 30] to analyze low energy configurations of axions, and we will briefly acknowledge the role
of relativistic effects during collapse. In Section 3, we will discuss the application to FDM halos; we
will also analyze different physical systems in which such collapses might be stimulated. In Section 4,
we will show numerical results for, and analyze the subsequent decay of, a collapsing FDM condensate,
comparing it with previous results found in the QCD case. We conclude in Section 5. In the Appendix,
we also analyze the instability of a metastable axion condensate due to tunnelling effects.
We will use natural units throughout, where ~ = c = 1.
2 Analytic Formulation
2.1 Dilute and Dense States
In this section we review the formalism used in our previous work [29], which can be used to perform
order of magnitude estimates for the mass and size of axion structures, and analyze their stability. To
describe the axion self-interactions, we take the usual instanton potential for the axion field Φ,
Va(Φ) = m
2 f2
[
1− cos
(
Φ
f
)]
. (2.1)
It is typical to neglect the self-interactions of very light axions, especially in FDM, which is appropriate
over a large range of parameters when Φ  f (see e.g. [66]). However, in this work, self-interactions
play an important role and cannot be neglected.
There are a number of motivations for including the effect of self-interactions. Even though the
leading-order Φ4 coupling is m2/f2 ∼ 10−94 ≪ 1 (for typical FDM input parameters m = 10−22 eV
and f = 1016 GeV), the number of particles in the condensate can be as large as N ∼MP f/m2 ∼ 1099
(where MP = 1.22× 1019 GeV is the Planck mass), compensating the smallness of the coupling. We can
make this point more quantitative by a closer examination of the core-halo relation [68, 69, 74]
M = 1.4× 109M
(
10−22 eV
m
)(
Mhalo
1012M
)1/3
, (2.2)
which is an empirical relation coming from FDM simulations, which relates the halo mass Mhalo to
the mass M of the FDM soliton core. But given that the maximum mass of a self-interacting axion
2
condensate is [21, 26]
Mc ≈ 10 MP f
m
= 1010M
(
f
1016 GeV
)(
10−22 eV
m
)
, (2.3)
it is plausible that in very massive galaxies, the central soliton is not more than an order of magnitude
from the maximum stable mass. In this regime the effect of self-interactions is not small. It has also been
pointed out that even the extremely small self-interaction coupling of FDM is important in considerations
of large-scale structure [75], and affects the mass-radius relation for axion condensates as well [47]. One
final note is that it is not possible to analyze dense configurations without taking into account large
contributions from both attractive and repulsive terms in the potential (2.1) [28, 29]. For all of these
reasons, we do not neglect self-interactions in this work.
In [29], we calculated the total energy of an axion condensate in the nonrelativistic limit. We used a
rescaling of the radius and particle number R and N in terms of dimensionless parameters ρ and n,
R =
1
m
ρ√
δ
, N =
f2
m2
n√
δ
, (2.4)
where δ ≡ f2/MP 2, which gave a rescaled energy of
e(ρ) ≡ E(ρ)
mN δ
=
D2
2C2
1
ρ2
− B4
2C22
n
ρ
− n
ρ3
v. (2.5)
The first two terms in eq. (2.5) are the contributions of the kinetic and gravitational energy, respectively,
while the third term gives rise to self-interaction terms,
v =
∞∑
k=0
(
− 1
2C2
)k+2(
n δ
ρ3
)k
C2k+4
[(k + 2)!]
2 . (2.6)
The coefficients B4, D2, and Ck, defined in [29], are numerical constants that depend on the precise form
of the condensate wavefunction (we give numerical values in Section 2.3).
Assuming leading order of δ  1 is an appropriate expansion, there exists a metastable minimum of
the energy at a radius of
ρd =
C2D2
B4 n
1−√1− n2
nc2
 (2.7)
with a dimensionless critical particle number of
nc =
√
8
3
C2D2√
B4C4
(2.8)
and corresponding radius
ρc =
√
3C4
8B4
(2.9)
For particle number N > Nc, the energy functional no longer possesses this local energy minimum at
ρ = O(1), a configuration known as a dilute axion star. Thus the dilute axion star has a maximum mass
of
Mc = mNc =
MP f
m
nc. (2.10)
However, the global minimum of the energy exists at ρ 1 [29], which corresponds to a configuration
called a dense axion star [28]. In this regime, the self-interactions are actually dominant over both the
gravitational and kinetic energy terms. A truncation at k = 1 of eq. (2.6), which includes the leading
attractive and repulsive terms, implies the following estimate for the radius of this global minimum:
ρD ≈
√
2
pi
(
n δ
37/2
)1/3
. (2.11)
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Figure 1: The rescaled energy of an axion star, eq. (2.15), as a function of the rescaled radius ρ, for
three choices of rescaled particle number n = 8, 10, 12, calculated using the Gaussian ansatz introduced
in Section 2.3. The dilute minimum is represented in the main portion of the figure, near ρ = O(0.1−1),
and the dense minimum can be seen in the inset at a much smaller value of ρ. The third (black curve)
has a particle number above the critical value nc ≈ 10.88, and so does not have a local minimum of the
energy. The dashed blue and red lines connect the dilute minima ρd to their equal-energy counterpoint
ρ1 (see Appendix A).
Both the dilute and dense axion star configurations are represented in Figure 1, for three choices of
particle number N . Note that on the dense branch, the nonrelativistic analysis breaks down [76, 77],
but the vast majority of the collapse process occurs in the nonrelativistic region.
There are a number of ways that a dilute axion star might collapse. The simplest scenario is that it
could accrete additional particles until its mass has grown larger than Mc. In a previous work [55], we
also showed that during astrophysical collisions, either the effective mass of the axion star increases (due
to the overlap of two axions stars), or the effective critical mass decreases (through interactions with
some other astrophysical body, like an ordinary star). In either case, an otherwise stable dilute axion
star might collapse, and its radius would fall from ρd towards ρD, the latter being the endpoint if we
neglect relativistic effects. Along the way, the axion star decays and loses a significant fraction of its mass
to relativistic axion emission [29, 32, 48–50]. It is this collapse from dilute toward dense configurations
that we are concerned with in this work. This process has been analyzed previously for QCD axions
[29, 30, 44]; in what follows we will discuss the physical collapse scenarios for FDM condensates, and
how the results differ from the QCD case.
Before moving on, it is also interesting to note that since the dilute axion star configuration is a local
minimum of the energy, it is susceptible in principle to tunnelling across the energy barrier towards the
dense global minimum of the energy. This tunnelling process can be analyzed using a WKB formalism,
taking into account instantons which connect these classically disconnected configurations. That this
rate be very small is a precondition for the existence of an axion star, but to our knowledge it has not
been computed for a gravitating axion condensate in the literature previously. We perform the relevant
calculation in Appendix A and show that dilute axion stars are indeed very stable against tunneling
processes, the rate being strongly suppressed by the large number of particles N in the condensate.
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2.2 Effect of Relativistic Corrections
Dilute axion stars are well described using a nonrelativistic theory coupled to Newtonian gravity. On
the so-called transition or dense branches of solutions, gravity is effectively decoupled from the theory,
as self-interactions begin to dominate in this regime.3 Importantly, dilute axion stars do not collapse
to form black holes unless f/MP ∼ O(1) (for that case, see [32, 49]). In the nonrelativistic analysis,
this can be understood by the fact that on the dense branch, the condensate radius RD is larger than
the Schwarzschild radius for nearly all values n as long as δ . 1 [29, 30]. Thus in the vast majority of
parameter space, contributions from general relativity are completely negligible.
There are, however, important corrections coming from special relativity for dense states (which have
large binding energy), and this is not taken into account in the formalism outlined above; this has been
noted in various works, including [35, 48, 76]. As we will see below, the nonrelativistic limit is appropriate
for most of the collapse process, though decay and other relativistic effects become important near the
end (we also noted this fact in [29]). These corrections are nontrivial to calculate, and as a result, there
are still many open questions regarding dense axion stars.
For example, it is not currently known whether dense states exist up to arbitrarily high masses.
The original work on the topic [28] suggested that they do, but this work (as above) was based on
fully nonrelativistic calculations, as described in [31]. In a recent paper, the authors of [35] pointed out
that the correct endpoint of field configurations should coincide with Φ ∼ 2pi f , where the range of the
relativistic potential of eq. (2.1) ends. This led these authors to the conclusion that dense states only
exist over less than an order of magnitude in mass, cutting off at a maximum of less than M ∼ 1000f2/m.
While the endpoint in Φ is surely correct, the mass endpoint suggested is only correct if one neglects
higher harmonic dependence of the wavefunction on the eigenenergy µ0 [31]. Indeed, at leading order
there are corrections from virtual lines with energy 3µ0. Taking these corrections into account, it was
shown in [77] by direct calculation of the distribution inside a dense axion star that these states exist at
least up to nearly M ∼ 106f2/m; at that point the calculation becomes very computationally taxing, as
corrections from modes with energy 5µ0 and higher become important. This calculation was sufficient
to confirm that the nonrelativistic relation M ∼ R3 holds over a few orders of magnitude on the dense
branch, which was not seen in [35]. The exact cutoff of masses on the dense branch remains an open
question. In any case, for the purposes of this work, we will ignore these corrections, and we postpone a
discussion of the relativistic decay processes to Section 4.
2.3 Gaussian Ansatz
As an example, we may assume the wavefunction is a Gaussian with the typical form
ψ(r) =
√
N
pi3/4R3/2
e−r
2/2R2 , (2.12)
in which case the coefficients in the expressions above are [29]
D2 =
3pi3/2
2
, B4 =
√
2pi5, Ck = 2
√
2pi3
k3
. (2.13)
Then the scaled energy functional is
e(ρ) =
3
4
1
ρ2
− 1√
2pi
n
ρ
− 1
2δ
∞∑
k=0
(−1)k
[(k + 2)!]
2
(k + 2)3/2
(
n δ
2pi3/2ρ3
)k+1
. (2.14)
3This is most easily seen by inspecting the energy functional in eq. (2.5): at small values of ρ, the gravitational term
∝ ρ−1 decouples first, before the kinetic energy ∝ ρ−2 or the self-interaction ∝ ρ−3. Thus the Thomas-Fermi approximation
[28], which neglects the kinetic energy but not the gravitational interaction, is not appropriate in this region.
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Truncating the self-interaction terms at k = 1, we find the following expression:
e(ρ)
∣∣∣
kmax=1
≡ e1(ρ) = 3
4
1
ρ2
− 1√
2pi
n
ρ
− 1
32pi
√
2pi
n
ρ3
+
δ
864pi3
√
3
n2
ρ6
. (2.15)
Using this ansatz we calculate the critical particle number and radius of eqs. (2.8) and (2.9) to be
nc = 2
√
3pi ≈ 10.88, ρc =
√
3
32pi
≈ 0.173. (2.16)
Importantly, the physical radius R99, inside which 0.99 of the mass is contained, is related to the varia-
tional parameter approximately by R99 ≈ 3R; this relationship depends on the choice of ansatz.
Ignoring any relativistic effects (including decay), we can calculate the total collapse time for a dilute
axion star approaching the dense configuration. The classical collapse time from an initial radius R0 to
final radius RD is [29, 44]
tcollapse =
√
αM
2
∫ R0
RD
dR√
E(R0)− E(R)
=
MP
2
mf2
√
α
2
∫ ρ0
ρD
dρ√
e(ρ0)− e(ρ)
, (2.17)
where α = 3/4 for the Gaussian ansatz [21]. Our original application of eq. (2.17) in [29] was a calculation
of the collapse time for QCD axion condensates. Two things change when considering the FDM case.
First, of course, the input parameters m and f change, resulting in an overall rescaling of eq. (2.17).
But secondly, the endpoint of the collapse ρD is at a much larger value, as δ is much larger in FDM
compared to QCD (c.f. eq. (2.11)). Whereas the former change increases the collapse time, the latter
actually tends to decrease it. It is necessary thus to go through the calculation again carefully; we will
describe these results in Section 4.
3 Collapse Scenarios
3.1 Black Holes
Black holes generally play an important role in studies of axion stars. For example, it has been suggested
that supermassive black holes are formed through collapse of condensates composed of ultralight axion-
like particles, like the ones in models of FDM we have analyzed here [78]. In the noninteracting case,
it is well-known that there is a maximum mass MNIc = 0.633MP
2/m above which no stable condensed
state exists [5, 6]. Above this mass, a previously stable condensate will form a black hole.
The picture is very different when self-interactions are included. In the case of the axion potential of
eq. (2.1), the maximum mass of eq. (2.10) is smaller than MNIc by a factor of f/MP  1. However, in
this case the collapse of the condensate is stopped prior to black hole formation by short-range repulsive
forces in the potential [28–30]. This is equivalent to the statement that ρD is much greater than the
corresponding Schwarzschild radius.
It is also instructive to point out the case of a pure attractive λφ4 theory (i.e. λ < 0). In this case,
there appears to be no short-range force to stabilize the collapse, and one might be led to the conclusion
that a black hole is formed at the end of the collapse [44]. However, this result may not be correct either.
Even if at leading order the only self-interaction is attractive, relativistic corrections generate effective
self-interactions of both attractive and repulsive types. The leading relativistic correction to λφ4 theory
generates a term of the form λ2 φ6, which is repulsive [52, 53, 77, 79, 80], and can possibly stabilize the
potential. An analysis of this case, including relativistic corrections, is beyond the scope of this work.
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Black holes are relevant to FDM systems for another reason. Many known galaxies, including the
Milky Way and Andromeda, contain a supermassive black hole at their center, in addition to dark matter
and baryonic matter. The additional gravitational effect of a black hole on the stability of a FDM soliton
has not previously been considered, as simulations of FDM do not typically include this contribution
(nor do they include the self-interactions that make collapse relevant). We can analyze this effect by
computing the effective contribution to the energy from the black hole, which is
eBHg =
EBHg
mN δ
= − 2√
pi
µBH
ρ
, (3.1)
where µBH = MBHm/f MP is a rescaled black hole mass defined in analogy to eq. (2.4). We have
assumed that the radius of the black hole is much smaller than the condensate radius ρd, which is
certainly appropriate for applications to realistic galaxies. The total gravitational energy (self + black
hole) for the condensate in the Gaussian ansatz is
eg,tot = −
[
1 + 2
√
2
µBH
n
] 1√
2pi
n
ρ
. (3.2)
The effect is to shift the parameter B4 in eq. (2.13) by the factor (1 + 2
√
2µBH/n), so that the critical
particle number of eq. (2.8) shifts as nc ∝ (µBH/n)−1/2. This implies
neffc =
2
√
3pi√
1 + 2
√
2µBHn
. (3.3)
The solution of n = neffc is
neffc =
√
2µ2BH + 12pi
2 −
√
2µBH . (3.4)
This is to say, otherwise stable condensates are made unstable by sufficiently massive black holes. In
particular, instability is stimulated if N > Neffc .
In Figure 2, the curves represent the boundary of stability for N = Neffc and the black hole mass
MBH , for different choices of the axion mass m. A condensate of particle number N enshrouding a black
hole of mass MBH will be stable if it lives to the left of the corresponding curve; a configuration to the
right of the curve will collapse. The right edge of the plot corresponds approximately to a black hole of
mass 1010M, which is in the range of the most massive black holes known to date (see e.g. [81]).
This scenario can potentially provide a constraint on FDM model parameters. We show how to
apply this analysis by examining two galaxies: the Milky Way and Andromeda. The mass of the halo
of the Milky Way is known to be about 1012M, with some uncertainty related to modelling the dark
matter mass distribution [82]; thus, the core-halo relation of eq. (2.2) predicts a central soliton of mass
M ≈ 1.4× 109M × (10−22 eV/m). The latter corresponds to N/Nc ≈ 0.1, which is independent of m.
The central black hole of the Milky Way, Sagittarius A*, has a mass of MBH ≈ 4× 106M, inferred by
observing orbits of stars very near to the galaxy center [83]. Given these two inputs, we represent the
Milky Way by the 5-pointed star in Figure 2; because it is well to the left of the lines, we conclude that
the central soliton of the Milky Way is safe from collapse for the FDM axion masses considered here.4
Next we analyze Andromeda, also known as M31. Andromeda is only slightly heavier than the Milky
Way, less than a factor of 2 more massive according to recent measurements [85]; the corresponding
central soliton predicted by eq. (2.2) is very similar to that of the Milky Way. On the other hand,
its central black hole is much heavier, with a mass of roughly M ≈ 2 × 108M [86]. We represent
Andromeda by the 6-pointed star in Figure 2. Had the black hole or soliton of M31 been only a factor
of a few heavier, this point would be to the right of the dash-dotted line, and the stability of M31 would
4Some have even claimed that velocity measurements in the central bulge of the Milky Way actually suggest the existence
of a condensate [84], though other analyses suggest tension [74].
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Figure 2: The fraction N/Nc (vertical axis) vs. the mass of the black hole in the center of the condensate
(horizontal axis). The curves represent the effective critical number N = Neffc for a model with decay
constant f = 1016 GeV and particle mass m given in the legend. Regions to the right of these curves
are made unstable to collapse by the black hole. The critical particle number Nc can be computed using
Nc = Mc/m and eq. (2.3). The 5-pointed (6-pointed) star represents the expected soliton and black
hole mass for the Milky Way (Andromeda) galaxy.
be in tension with a FDM interpretation with m ∼ 10−20 eV. These simple examples motivate a more
thorough study of currently-known supermassive black holes, to further test the FDM paradigm in this
way. We leave such a study for a future work.
3.2 UCDs as FDM Remnants
It has been observed that some large galaxies contain so-called Ultracompact Dwarfs (UCDs) [87, 88].
These very compact sub-galaxies, which typically have a large mass-to-light ratio, have been interpreted
by some as representing the very large mass tail of the globular cluster mass distribution [89]. On
the other hand, they can plausibly be interpreted as subhalos which were tidally stripped in their host
galaxy, leaving only their core intact [90, 91]. The latter is supported, for example, by the presence of
supermassive black holes inside of the heaviest known UCDs [92]
If UCDs are dark matter dominated, they might plausibly be interpreted as FDM condensates (plus
some remaining stars) whose outer virialized layers have been tidally stripped. It is interesting, for
example, that the two densest UCDs currently known (M59-UCD3 and M85-HCC1 [93]) have masses of
O(107−108)M and radii of O(1−100) pc, both in the vicinity of the maximum mass (and corresponding
minimum radius) of FDM condensates with m ∼ 10−21 − 10−20 eV. It is worth noting that others have
pointed out that FDM substructure could account for so-called Ultrafaint Dwarf galaxies, including [94],
who suggested that the data preferred relatively low masses in the range m ∼ 3.7 − 5.6 × 10−22 eV,
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though these authors neglect self-interactions that could potentially be important in the condensate.
The scales involved are suggestive and it is interesting to consider what such a scenario might predict.
A plausible scenario to explain the cause of the tidal stripping of UCDs is the passage of a small galaxy
near, or through, another large galaxy; such a close passage would leave behind only the ”nucleus” of
the small galaxy (which potentially includes a black hole), thus forming a UCD [92]. One might wonder
whether this process would also induce collapse of an FDM condensate, through gravitational effects.
As a ”worst case” scenario, we analyzed the process of an FDM condensate, corresponding to the small
galaxy’s ”nucleus”, passing directly through the bulge of a large (Milky Way-like) galaxy, which may
have occurred in a UCD’s past. This process is analogous, in the sense of gravitational effects, to an
axion star passing into an ordinary star, considered in [55]. We find that FDM condensates are extremely
stable under circumstances like these, with even a very massive bulge contributing a negligible effect.
Of course, it is possible that the stripping process in question could destroy the FDM substructure
by pulling it apart rather than causing collapse; this depends on the mass of the core as well as its
orbital radius around the galaxy. In [95], it was found that the strongest constraints arising from these
considerations are on relatively low-mass FDM models, m ∼ 10−22 eV; because our analysis is most
sensitive to high-mass regions (see Figure 2), this indicates the complementarity of our approach to
previous analyses.
Just as very massive galaxies like the Milky Way are known to contain supermassive black holes,
so too do some UCDs; for example, two of the densest UCDs ever discovered have central black holes
which constitute greater than 10% of their total mass [96], and there is reason to expect that up to 80%
of all UCDs contain black holes [92]. Discovery of new UCDs is accelerating, as data about galactic
substructures becomes increasingly precise (a striking example being Gaia [97]). As we explained in the
previous section, even a single galaxy or subgalaxy with a central black hole that places it to the right
side of the curve in Figure 2 would provide a significant constraint on the model. This could be relevant
for UCDs as well.
Before leaving this section, we should point out that galaxy collisions can also lead directly to collapse
of FDM condensate cores. This scenario is qualitatively similar to that considered in [55], where small
condensates populate a galaxy and occasionally collide. One could in principle analyze these collisions
given a particular model for halo mergers in cosmological history, but such an analysis is beyond the
scope of this work. UCDs could collide with one another as well, but since the preponderance of UCDs is
not currently known with great confidence, we do not attempt any further investigation of this scenario
at this time.
4 Analysis of Collapse Process
4.1 Collapse Times
We will now apply the formalism of Section 2 to the case of a condensate comprised of dark matter
axions in FDM models. Although the model parameters can differ, we will take as our benchmark point
an FDM axion with mass m = 10−22 eV and decay constant f = 1016 GeV, but we allow the former
to also vary by a few orders of magnitude. First, recall that in previous works [29, 30], we expanded
the energy only to the first order of δ, which for the QCD axion was of O(10−14). For our benchmark
FDM parameters, one finds δ = O (10−6), and so while corrections will be much larger in this case, an
expansion in δ  1 is still extremely appropriate.
Some physical parameters can be calculated in FDM models by a simple rescaling of m and f .
For example, the physical maximum mass and corresponding radius in dimensionless units are model
independent (e.g. n
(QCD)
c = n
(FDM)
c ); for our benchmark parameters we have Mc ∼ 1040 kg and
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Figure 3: Collapse times for FDM condensates. In both plots, the particle mass m is 10−22 eV (for thick
lines), 10−21 eV (dashed), and 10−20 eV (dot-dashed), while the decay constant is f = 1016 GeV.
Left: Rescaled radius ρ as a function of time, during collapse from ρd and ρD. The particle number N
in the plot is 1.2Nc (for blue lines), 2Nc (red), and 5Nc (black).
Right: Total collapse time, calculated using eq. (2.17) for FDM condensate as a function of particle
number N . The initial radius R0 in the collapse is 0.1Rd (for green lines), 0.5Rd (yellow), and Rd
(purple).
Rc ∼ 1015 km (respectively), which can be obtained from the expressions in Section 2. On the other hand,
because ρD depends explicitly on δ, we find ρ
(FDM)
D ≈ 10−3 at n = nc, even though ρ(QCD)D = O(10−5)
at the same n [29]. This point corresponds to a physical radius of RD ∼ 1013 km in FDM, whereas the
corresponding Schwarzschild radius is about RS ∼ 1011 km.
The dependence of the dimensionless radius ρD on δ leads to changes in the collapse time in addition
to the overall rescaling of m and f in the prefactor of eq. (2.17). In the left panel of Figure 3, we show
the changing radius during collapse, for different choices of initial particle number N and particle mass
m. For example, when N = 1.2Nc, the total collapse time is roughly 100 years for m = 10
−20 eV, 103
years for m = 10−21 eV, and 104 years for m = 10−22 eV. Recall that the collapse time is dominated by
the more flat part of the potential, near ρd, whereas the collapse proceeds extremely fast during the final
approach towards ρD [29]. The radius is thus effectively flat until the very end of the collapse process.
In the right panel, we show the collapse times for the benchmark FDM model as a function of the
initial particle number, for different choices of starting radii. R0 6= Rd is relevant if the collapse were
stimulated by some external perturbation of the radius. It is clear in either panel of the figure that a
FDM condensate can be ”collapsing” for several thousand years, and for the vast majority of this time
there is no important change to its radius.
4.2 Decay
Collapsing condensates are subject to stimulated emission of relativistic particles during the final stages
of their collapse [29, 48–50]. This decay process has been treated using a relativistic field theoretic
formalism in [46, 47], as well as in a nonrelativistic effective field theory [52], and the predictions have
been well-confirmed in simulations of collapsing condensates [48–50]. In the relativistic formalism, one
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Figure 4: The decay rate of (4.3) as a function of the rescaled radius ρ (left) and the collapse duration
(right), for the FDM axion and a choice different choices of particle mass N = 1.2Nc, 2Nc, and 5Nc
(blue, red, and black curves, respectively). The thickness of the curves shows the change upon varying
the axion mass in the range of m ∈ {10−20 − 10−22} eV.
finds that the decay rate depends on the parameter
∆ =
√
1− µ0
2
m2
(4.1)
in a straightforward way, where µ0 is the eigenenergy (chemical potential) of the axion star. Using the
variational analysis of Section 2, we can estimate the chemical potential as a function of the rescaled
radius ρ (see e.g. [98]):
µ0(ρ)
m
= 1 + δ
[
3
4
1
ρ2
− 2√
2pi
n
ρ
− 1
16pi
√
2pi
n
ρ3
+
3 δ
864pi3
√
3
n2
ρ6
]
, (4.2)
which we compute to next to leading order in the self-interaction, as before. If we treat this quantity
as directly varying with ρ, we can calculate ∆ directly. Finally, we can use the result for the 3 ac → af
decay rate of axion stars, which we calculated in [46], and later applied to FDM scenarios in [47]:
Γ3(ρ) =
2pi f2√
8m
[32pi yI
3∆(ρ)
exp
(
−
√
8yI
∆(ρ)
)]2
, (4.3)
where yI ≈ 0.603156. Putting all of this together, we can track the decay rate for 3 ac → af during
the collapse process. This will allow us to approximate the relevant timescales for collapsing FDM
condensates.
In the case of the QCD axion, as considered in [29], the dilute and dense minima occur at ρ = O(1)
and ρ ∼ 10−5, respectively. The total collapse takes a few minutes, but the biggest changes in ρ occur
only in the last fraction of a second. As a result, the decay rate (4.3) is extremely small until ρ . 10−4,
which (comparing with the results of [29]) does not occur until the last fraction of a second of the collapse.
The timestep between an extremely negligible rate (when ρ < 10−4) to an extremely large rate (when
ρ ∼ 10−5) was smaller than 10−7 sec. As a result, in [29], we approximated the decay as though it turns
on instantaneously, which is a very good approximation.
For the FDM case with f = 1016 GeV, there are some differences. The rescaled dilute radius is still
ρ = O(1) but the dense one moves to ρ ∼ 0.005, much larger than the QCD case (see Figure 4, left
panel). The decay rate still starts out very relatively small, but during the collapse it turns on not in
a fraction of a second, but over the course of many years (see Figure 4, right panel). We have shown
the curves for supercritical particle numbers N = {1.2, 2, 5} ×Nc to show the parametric dependence of
the decay rate. In the third case, it is interesting that the decay rate is as high as 1020 axions/sec, even
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before collapse. However, it is not clear by what mechanism an FDM condensate might attain a particle
number as high as 5Nc, so this remains merely a curiosity.
In Figure 4, we can see that once ρ . 0.02, the emission rate is Γ3 = O(1080) axions/sec, which for
axions of mass m = 10−22 eV gives
Mass Loss Rate ∼ Γ3 ×m ∼ 1 M
sec
. (4.4)
Near this point, the decay process dominates the dynamics of the collapse, leading to an important
backreaction. This is seen in the numerical simulations of [48–50], which suggest that as rapid emission
begins, the condensate ”bounces” against a hard-core repulsion in the core of the star, possibly returning
to a stable dilute configuration after an O(few) number of such bounces. Of course, in our formalism
at fixed N we are not sensitive to this backreaction or ”bounce” effect. It is intriguing, however, that
even during a single collapse epoch, a FDM condensate would rapidly emit relativistic axions over a
timespan of many hundreds or thousands of years. It would be interesting to investigate further possible
consequences of this result in realistic galactic scenarios.
We should also note that, if a FDM condensate surrounds a black hole, the latter will slowly accrete
mass, though the rate is suppressed when the condensate radius is very large [66, 74]. During collapse,
however, the rate can be enhanced by additional time dependent factors in the wavefunction, so that the
black hole might see a large increase in its mass in the final state. We leave a full investigation of this
effect to future work.
5 Conclusions
In this work, we have studied the stability of Fuzzy Dark Matter (FDM) halos made of ultralight axion-
like particles. Our analysis applies specifically to the soliton-like Bose-condensed structure of axions,
which could be either a free-standing configuration or a central region of a large galaxy surrounded by
uncondensed gas of axion particles populating the outer regions of the galaxy. These weakly-bound
structures in dark matter halos can become structurally unstable through self-collisions, or through
collisions with other astrophysical objects; in any case, instability leads to collapse towards a denser
configuration. The collapse times range from hundreds to thousands of years, depending on the mass of
the axion particle.
Although the collapse formally takes many years, a large fraction of this time there is no significant
change in the radius of the condensate. During the final approach to the dense configuration, relativistic
effects begin to dominate as the condensate rapidly emits high-energy axions. For FDM parameters, the
turn-on of this decay process can be slow, lasting hundreds of years, before the backreaction becomes
sufficiently strong to lead to a hard-core repulsion that counteracts the collapse [48–50].
We have investigated the interpretation of Ultracompact Dwarf (UCD) galaxies as being primarily
composed of FDM condensate cores. The mass and radius scale of these UCDs is suggestive of a
connection to the typical condensate mass and size in FDM. We have argued that an interaction in the
host galaxy which gives rise to tidal stripping of the UCD would not significantly affect its stability.
A more probable scenario is an interaction between an FDM condensate and a large black hole.
Central black holes in galaxies are much smaller in dimension than a typical FDM halo, which has an
extent of hundreds of light years. We have seen that if such a black hole enters the region encompassed
by the FDM halo, they can cause a structural instability leading to collapse and decay. In particular,
supermassive black holes in large galaxies could constrain FDM models, since the central soliton’s stability
is not guaranteed in the presence of external potentials; we illustrated the power of this idea using the
Milky Way and Andromeda galaxies as simple examples. One could plausibly constrain a potential FDM
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component to UCDs, if they are observed to contain sufficiently massive supermassive black holes; some
UCDs have already been observed to contain such [96]. This could be an important consideration for
determining the structure of UCDs in the future. We leave a more detailed analysis of this interpretation
to a future publication.
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A Tunneling From A Metastable Condensate
It was shown many years ago that the tunneling rate of a metastable condensate has the form [99]
Γ = P exp [−2N SE ] (A.1)
where SE is the Euclidian action and P is a prefactor which can be evaluated using a single-instanton
formalism. In this appendix we will evaluate this rate using the leading-order axion potential. The
result presented here is mostly based on the work of [99, 100]. It overlaps somewhat with [101] who also
investigated 1/r potentials, though in the details their method of analysis is very different.
The tunneling rate is related to the solutions to the equation of motion defined by SE . It is not hard
to show that, for a potential E(R), the equation of motion (in Euclidian time τ) is that of a classical
particle moving through a potential −E(R); that is,
d2R(τ)
dτ2
= − 1
N
∂(−E(R))
∂R
(A.2)
One solution to this equation is the trivial one: The “particle” sits still at R0. The non-trivial solution is
the so-called “bounce”, where asymptotically R(τ → ±∞) = Rd but at some finite time τ1, the particle
bounces between the local minimum Rd and the equal-energy point R1 on the other side of the barrier.
(These two points are connected by the dashed lines in Figure 1.) Such trajectories Rb(τ) are known as
instantons.
We begin with SE , which is a WKB integral over the energy barrier of the classical momentum per
particle, p(R) =
√
2m∆E/N [99]:
SE =
∫ Rd
R1
dR
√
2m
N
[E(R)− E(Rd)]
=
∫ Rd
R1
dR
√
2(m2 δ) [e(ρ)− e(ρd)]
=
√
2
∫ ρd
ρ1
dρ
√
e(ρ)− e(ρd) (A.3)
Of course, in the range ρ1 ≤ ρ ≤ ρd, the integrand is real (see Figure 1). Now, the prefactor for the
metastable tunnelling rate generically has the form [99, 102, 103]
P =
√
SE
2pi
∣∣∣∣∣det
′
(
− ∂2τ + E
′′(R)
mN
)
det
(
− ∂2τ + ω20
) ∣∣∣∣∣ = Lω0
√
N mω0
pi
(A.4)
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which depends both on the curvature of the potential at the local minimum
ω20 ≡
1
mN
∂2E
∂R2
∣∣∣
Rd
= m2
f3
MP 3
∂2e(ρ)
∂ρ2
∣∣∣
ρd
(A.5)
as well as a coefficient L, defined by the asymptotic form of the “bounce” solutions [103]
Rb(τ)
τ→±∞−−−−−→ Rd − Le−ω0|τ |. (A.6)
This is appropriate because of the approximately quadratic form of the inverted potential near Rd.
However, we also know that the bounce solution oscillates quickly to R1 at some time τ1, which by
time-translation invariance might as well be set to τ1 = 0; thus, we also require
Rb(τ = 0) = R1. (A.7)
Now we write the classical momentum as p = m∂R/∂τ to find an expression for the R-dependence
of τ :
ω0 τ = ω0m
∫ R(τ)
Rd
dR′
p(R′(τ))
=
∫ R
Rd
dR′
[ mω0
p(R′)
− 1
Rd −R′
]
+ ln
(Rd −R(τ)
Rd −R′
)∣∣∣∣∣
R′=Rd
+ ω0 c
= I(R) + ln
(Rd −R(τ)
Rd −R′
)∣∣∣∣∣
R′=Rd
+ ω0 c (A.8)
where we have defined the first integral as I(R). Since p(R) = 0 at R = Rd and is proportional to R
nearby, we have regularized the integral by subtracting this log-divergent piece. The third term is an
integration constant, which we determine by using the fact that Rb(τ = 0) = R1:
ω0 c = −I(R1)− ln
(Rd −R(τ)
Rd −R′
)∣∣∣∣∣
R′=Rd
, (A.9)
cancelling the log-divergent piece in eq. (A.8). Thus, for τ < 0 (the first half of the “bounce”),
ω0 τ = −ω0 |τ | = I(R)− I(R1) + ln
(Rd −R(τ)
Rd −R1
)
. (A.10)
At large |τ |, I(R) ≈ I(Rd)  I(R1) (since the integrand is positive-definite), and so we neglect this
term. Rearranging the equation gives the result
Rd −R(τ) =
[
(Rd −R1)eI(R1)
]
e−ω0|τ | (A.11)
We identify the expression in square brackets as the coefficient L, i.e.
L = (Rd −R1)eI(R1) (A.12)
which matches the result of [103]. We can also rewrite I(R1) in terms of dimensionless quantities,
I ≡ I(R1) =
∫ R1
Rd
dR
[mω0
p(R)
− 1
Rd −R
]
=
1√
2
∫ ρ1
ρd
dρ
√
e′′(ρ)√
e(ρ)− e(ρd)
−
∫ ρ1
ρd
dρ
1
ρd − ρ (A.13)
14
SE-ℐ
���� ���� ���� �
����
����
����
�
�
��
�/��
Figure 5: The numerical integration of SE , eq. (A.3), and −I, eq. (A.13) (inverted by a minus sign),
over different values of N . As expected, I (yellow curve) is essentially independent of N (scatter is due
to numerical integration), whereas SE (blue curve) falls fast when N is very close to Nc.
The result for the tunnelling rate is
Γ = (Rd −R1)ω0
√
N mω0
pi
exp (I − 2N SE)
=
m
√
N√
pi
(
f
MP
)5/4
(ρd − ρ1) [e′′(ρ)]3/2 exp (I − 2N SE). (A.14)
Note that the exponential exp (I − 2N SE) ≈ exp (−2N SE) ≪ 1 when N  1 (appropriate in the
condensate). This term dominates the decay rate. We checked numerically that SE is not sufficiently
small to counteract the largeness of N unless the particle number is extremely close to Nc. Similarly,
I is never large enough to be relevant to the decay rate; the value of I ≈ −19 is independent of N .
The results for both integrals are shown in Figure 5. Because the rate is suppressed by exp (−N), we
conclude that the effect of tunnelling is negligible (as expected).
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